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Where are the constraints from?
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Where to integrate constraints?
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Input Latent Space Output Loss



Challenges in constraint integration

Non-differentiability

Discrete nature
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How to integrate diverse constraints?

Non-differentiability

Discrete nature
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How to integrate diverse constraints?
Outline

• Differentiable learning under constraints


• Constrained probabilistic inference
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• Differentiable learning under constraints


• Constrained probabilistic inference
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How to integrate diverse constraints?
Outline



Why k-subset constraint?

Discrete VAE
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Differentiable learning under k-subset constraints
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Differentiable learning under k-subset constraints
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Encoder DecoderDiscrete Latent Space

SIMPLE: Gradient Estimator for k-Subset Sampling [1]
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Logits

SIMPLE: Gradient Estimator for k-Subset Sampling [1]



Encoder DecoderDiscrete Latent Space

Thm. Exact sampling is easy!
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Encoder DecoderDiscrete Latent Space

marginal

Prop. conditional marginals can be obtained by 
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SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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We achieve lower bias and variance by exact, discrete samples and exact derivative of conditional marginals.
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SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07
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References

[1] Jianbo Chen et al. “Learning to Explain: An Information-Theoretic Perspective
on Model Interpretation”. In: ICML 2018.

[2] Mathias Niepert, Pasquale Minervini, and Luca Franceschi. “Implicit mle:
Backpropagating through discrete exponential family distributions”. In: Neurips
(2021).

[3] Sang Michael Xie and Stefano Ermon. “Reparameterizable Subset Sampling
via Continuous Relaxations”. In: IJCAI-19.

Kareem Ahmed*
UCLA

Zhe Zeng*
UCLA

Mathias Niepert
Stuttgart University

Guy Van den Broeck
UCLA

tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
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partial derivatives of the log-partition function
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(
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log pθ(
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In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
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Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07
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SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
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i zi = k) = pθ(z)/pθ(
∑
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"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
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∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑
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i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”
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SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution
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the key insight here is that we do not need to care
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marginals of the distribution; the marginals are the
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In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
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Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How
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the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
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Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.
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Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”
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SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution
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the key insight here is that we do not need to care
about the order of variables, but only their sum.
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In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

Exact sampling 

helps reduce bias!

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE

References

[1] Jianbo Chen et al. “Learning to Explain: An Information-Theoretic Perspective
on Model Interpretation”. In: ICML 2018.

[2] Mathias Niepert, Pasquale Minervini, and Luca Franceschi. “Implicit mle:
Backpropagating through discrete exponential family distributions”. In: Neurips
(2021).

[3] Sang Michael Xie and Stefano Ermon. “Reparameterizable Subset Sampling
via Continuous Relaxations”. In: IJCAI-19.

Kareem Ahmed*
UCLA

Zhe Zeng*
UCLA

Mathias Niepert
Stuttgart University

Guy Van den Broeck
UCLA

tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

Exact marginal 

helps reduce variance!

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

Both are 

reduced!

SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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Metric: exact ELBO

Encoder Decoder1 0 1 0 0

Exactly k one’s

Data Reconstructed DataDiscrete Latent Space

Experiment
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Differentiable learning under k-subset constraints
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Input 
Learn to Explain

Latent Space

DiscreteVAE

Output

AI for Science

Loss

Weakly Supervised



Input: 

Key words (k = 10)

Output: 

Taste Score

a lite bodied beer with a 
pleasant taste. was like a 
reddish color. a little like 
wood and caramel with a 
hop finish. has a sort of 
fruity flavor like grapes or 
cherry that is sort of buried 
in there. mouth feel was lite, 
sort of bubbly. not hard to 
down, though a bit harder 
then one would expect given 
the taste.

0.7

Learn to Explain (L2X)[1]
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Results for three aspects with k = 10 

Results for aspect Aroma, for k in {5, 10, 15}

Input: 

Key words (k = 10)

Output: 

Taste Score

a lite bodied beer with a 
pleasant taste. was like a 
reddish color. a little like 
wood and caramel with a 
hop finish. has a sort of 
fruity flavor like grapes or 
cherry that is sort of buried 
in there. mouth feel was lite, 
sort of bubbly. not hard to 
down, though a bit harder 
then one would expect given 
the taste.

0.7

Learn to Explain (L2X)
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Differentiable learning under k-subset constraints
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AI for Science
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Weakly Supervised



A Unified Approach to Count-Based Weakly-Supervised Learning[2] 

Objective: To maximize the probability of weak supervisions, i.e., constraints on label counts

26

Classical Learning from 

Label Proportions Multiple Instance Learning Learning from 


Positive & Unlabeled



Differentiable learning under k-subset constraints
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Partial Charge Assignment to Metal–Organic Frameworks[3]

Application in Computational Chemistry

28

Neutral Charge Constraint  

∑i ⚲i = 0



Differentiable learning under k-subset constraints
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Input
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DiscreteVAE

Output

AI for Science

Loss

Weakly Supervised

Key: constraint probability!



• Differentiable learning under constraints


• Key: constraint probability!


• Constrained probabilistic inference

30

How to integrate diverse constraints?
Outline



• Differentiable learning under constraints


• Key: constraint probability!


• Constrained probabilistic inference
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How to integrate diverse constraints?
Outline



Collapsed inference for Bayesian deep learning
Constrained probabilistic inference

32



Motivation

33

Bad Uncertainty Estimation

Confidence by a ReLU neural network [6]

Risky Point Estimation

Loss surface [7]

➡Bayesian Deep Learning for robust and reliable predictions



Point Estimate Posterior

weights weights

Bayesian Model Average (BMA)
Key idea

34

<latexit sha1_base64="4GrFhFjqY86jRbRxVEMd2oIVcQQ="></latexit>

p(y | x,w)
<latexit sha1_base64="W5h7FLImiWij4WuUy4xxm1uqtAY="></latexit>

p(y | x) =
R
p(y | x,w)p(w) dw



Motivation
• Goal: Bayesian model average 


Predictive posterior


Expected prediction

35

<latexit sha1_base64="9tZVzCOXB89zDhcQEqwNXvcqk5c="></latexit>

p(y | x) =
R
p(y | x,w)p(w) dw

<latexit sha1_base64="hLNKe8fO5SDMIMsp5ra7b6GeDKA="></latexit>

E[y] =
R
y p(y | x) dy

• Challenge: DNNs are too big!


➡ Costly to maintain too many samples


➡ Low sample efficiency given the complex integrand

How complex? 🤔



How complex is the integrand?
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<latexit sha1_base64="XhxVqfs1y2MACzvrexWLSl6vfH4="></latexit>

E[y] =
R
y p(w | D) p(y | f(x), w) dw dyExpected prediction

Weight posterior


1d Uniform

NN model
<latexit sha1_base64="WQpofh6LUx262uZ525EN0SzXQvY="></latexit>

f(x) = ReLU(wx)

Predictive


1d Gaussian

Non-convex, multi-modal, 

no closed form 🤯
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Motivation
• Goal: Bayesian model average 


Predictive posterior


Expected prediction

<latexit sha1_base64="9tZVzCOXB89zDhcQEqwNXvcqk5c="></latexit>

p(y | x) =
R
p(y | x,w)p(w) dw

<latexit sha1_base64="hLNKe8fO5SDMIMsp5ra7b6GeDKA="></latexit>

E[y] =
R
y p(y | x) dy

Is there a better way  
to estimate the integral  

than sampling?

Yes! 🤩



Idea
A reduction from BMA to WMI

• Weighted Model Integration (WMI)[4]


• A class of weighted volume computation problems


• Definition:


• Region:        SMT formula (a logical combination of arithmetic constraints)


• Weight function 


• Existing WMI solvers are able to give exact marginalization results


• for (piecewise) polynomial weights
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Idea
A reduction from BMA to WMI
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BMA

Ground truth BMA

BMA integral
Sampling

BMA by sampling

WMI
WMI solvers

WMI integral

Approximated by Approximate

BMA by WMI



Accurate approximation! 
… but scalability?
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Limitations
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Sampling BMA via WMI

Accuracy ❌ ✅

Flexibility ✅ ❌*

Scalability ✅   ❌**

 *  Limited to fully connected layers 

** Integration over polytopes in arbitrarily high dimensions is #P-hard

How to combine good from both worlds? 🤔



Limitations

42

Sampling BMA via WMI Collapsed Inference

Accuracy ❌ ✅ ✅

Flexibility ✅ ❌* ✅

Scalability ✅   ❌** ✅

 *  Limited to fully connected layers 

** Integration over polytopes in arbitrarily high dimensions is #P-hard

How to combine good from both worlds? 🤔
➡ Collapsed inference scheme! 💪 



Collapsed Inference[5]
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<latexit sha1_base64="fWccNowL0XAxzVuC6sCOVAOBV/Q="></latexit>

WAll weights

<latexit sha1_base64="ohu7R4LcKQ6+RRDdssTn0m4NAqE="></latexit>ws

Sample set

<latexit sha1_base64="yx2HerwHNFjbIYOp43/AsrZYmaE="></latexit>

p(wc | ws, D)

Collapsed set

<latexit sha1_base64="KGmVzBj7ICj/d52lpv6hlRYe4GI="></latexit>

E[y] = 1
n

P
ws

WMI( )Expected prediction in BMA

Accuracy + Flexibility, Scalability! 🥳 



Experiment: UCI Regression

CIBER Wins on 7/11!
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Experiment: Image Classification

• achieves accurate estimation of uncertainty

• applicable to large NNs

• boosts predictive performance
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• Differentiable learning under constraints


• Key: constraint probability!


• Constrained probabilistic inference


• Key: constraint solvers + statistical ML! 

46

How to integrate diverse constraints?
Outline



Future Work
How to integrate diverse constraints?

• Differentiable learning under constraints


• Key: constraint probability!


• Constrained probabilistic inference


• Key: constraint solvers + statistical ML! 

47

Thanks!

What more constraints are tractable? 

How to deal with intractable ones? …

What inference amenable to the reduction? 

How to deliver reliable & scalable inference? …
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