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Experiments

TL;DR: Hybrid probabilistic inference with constraints is HARD. Efficient approximate inference is necessary!
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How to model
Discrete + Continuous + Constraints?

How hard is inference?

How to perform approximations?

Satisfiability Modulo Theories (SMT)

SMT of linear real arithmetic as representation language

To further make an SMT formula probabilistic …
SMT + weights Weighted Model Integration (WMI)=607 � GHQVLWLHV  :HLJKWHG 0RGHO ΔQWHJUDWLRQ

*LYHQ DQ 607�LRA� IRUPXOD∆ RYHU FRQWLQXRXV YDUVX DQG GLVFUHWH RQHVB� DQG
ZHLJKW IXQFWLRQW � WKH ZHLJKWHG PRGHO LQWHJUDO �:0Ζ� LV

WMI(∆,W ;X,B) !
∑

b∈B|B|

∫

(x,b)|=∆

w(x, b) dx.

⇒ LQWHJUDWLQJ WKH GHQVLWLHV RI WKH IHDVLEOH UHJLRQV RI∆�

L�H�� FRPSXWLQJ WKH SDUWLWLRQ IXQFWLRQ RI WKH XQQRUPDOL]HG GLVWULEXWLRQ Pr∆

%HOOH HW DO�� Ȋ3UREDELOLVWLF LQIHUHQFH LQ K\EULG GRPDLQV E\ ZHLJKWHG PRGHO LQWHJUDWLRQȋ� ���� �����

Definition (WMI). Given an SMT formula over continuous variables
and discrete variables , and weight function , the weighted model
integration (WMI) is

W
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Example. Given a query:
What is the probability of team T1 outperforming team T2, if T1 is a 

squad but T2 is not? 

We can answer it by WMI:

:0Δ
$GYDQFHG SUREDELOLVWLF UHDVRQLQJ

ΦS : (BS1 = 1 ∧ BS2 = 0) =⇒ T1 LV D VTXDG, T2 LV QRW

ΦT : (XT1 > XT2) =⇒ T1 RXWSHUIRUPV T2

Pr∆(ΦT | ΦS) =
WMI(∆ ∧ ΦT ∧ ΦS,W)

WMI(∆ ∧ ΦS,W)
=

4, 206

7, 225
≈ 58.22%

⇒ FRQGLWLRQDO SUREDELOLWLHV DV D UDWLR RI WZR ZHLJKWHG PRGHO LQWHJUDOV

%HOOH HW DO�� Ȋ3UREDELOLVWLF LQIHUHQFH LQ K\EULG GRPDLQV E\ ZHLJKWHG PRGHO LQWHJUDWLRQȋ� ���� �����
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§ Hardness from the number of constraints:

§ Hardness from integration pieces not bounded by graph diameter:

§ Hardness from loopy structures:
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Discrete cases vs. Hybrid cases
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§ Summary

We explore the tractability of WMI problems
by looking at the primal graphs for SMT formulas.

Example (primal graph).

SMT formula Primal graph
(X1 < X2 + 1.1 _ X1 > X2 � 0.1)
^ (X2 � 0.1 < X3)
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X1 X2 X3

=> WMI Inference on tree-shaped primal graphs with unbounded-diameter is #P-hard! 

=> WMI inference on primal graphs with bounded-diameter but treewidth two is #P-hard! 

• #P-hard in general
• Tree problem class: intractable
• Logarithmic diameter and

treewidth two: intractable
• Intersection: tractable [1]

Reference: [1] Zeng, Z., Morettin, P., Yan, F., Vergari, A., Broeck, G.V.d.: Scaling up hybridprobabilistic inference with logical and arithmetic constraints via message passing.In: International Conference of Machine Learning (2020)

ReCoIn: Relax, Compensate, and Integrate

§ Given a WMI problem with loopy primal graph, ReCoIn breaks loops by:
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make a copy relax equality
constraints

§ Further, ReCoIn compensate for the removed dependencies by:

introducing
certain literals
and weights

optimizing weights 
iteratively by
matching marginals

Teams

Players

+

Constraints weights

XP
<latexit sha1_base64="3SUfem01RDtgCGGXPvlrVekBEB4="></latexit>

XT
<latexit sha1_base64="5mh8YeVE4Q9wHOkIdH5Z81U9tJo="></latexit>

(I) BS = >
<latexit sha1_base64="QtcId1Q9tY/yLee3/P9Plv7iE7k="></latexit>

W
<latexit sha1_base64="FFYaECMF9zillZlCQQ8Jh64IZj8="></latexit>

=

(II) BS = ?
<latexit sha1_base64="irwVeN8j7Jk7OzbFP63fdRpVpZY="></latexit>

XP
<latexit sha1_base64="3SUfem01RDtgCGGXPvlrVekBEB4="></latexit>

XT
<latexit sha1_base64="5mh8YeVE4Q9wHOkIdH5Z81U9tJo="></latexit>

W
<latexit sha1_base64="FFYaECMF9zillZlCQQ8Jh64IZj8="></latexit>

Weighted Model Integration (WMI)

Tractability

Approximation

Algorithm 1 R�C�I� (�,W,K)
Input: a WMI model (�,W), K number of compensating literals
Output: (�rel,Wrel): a relaxed and compensated WMI model
1: Ed  initStrategy(�,W) . Select edges to remove
2: �aug,Waug,L  augmentModel(�,W, Ed)
3: (�rel,Wrel), (�rem,Wrem) relaxModel(�aug,Waug,L)
4: �rel,Wrel  addingCompensations(�rel,Wrel,L,K)
5: while not converged do
6: for Xi 2 copiedNodes(�rel) do
7: for k = 1, . . . ,K do
8: rk  WMI(�rem,Wrem) / WMI(�rem ^”Ci

c=0 `
c
k,i,Wrem) � 1

9: for c = 0, 1, . . . ,Ci do
10: ✓c,(t+1)

k,i  log(rk↵k,�(c)) � log(1 � ↵k,�(c)) �
Õ

c0,c ✓
c,(t)
k,i

11: Return (�rel,Wrel)

parameters ✓ for the compensating weights that exactly match the probabilities in Equation 2 and
hence guarantee exact marginal recovery [14]. The next theorem better formalizes it.
Theorem 4.3. Suppose that a relaxed model (�rel,Wrel) and a remaining model (�rem,Wrem) are
obtained by relaxing a single equivalence constraint (Xi = Xc

i ) from an augmented model �aug, and
that the primal graph of �rel is split into two disconnected components by the relaxation. Let (`i,k, `ci,k)
for k = 1, . . . ,K be the K pairs of compensating literals introduced, and ✓k,i, ✓ck,i , for k = 1, . . . ,K , be
the parameters attached to the compensating weights. Then Equation 2 holds when the compensating
weight parameters satisfy the following equalities.

✓k,i = log
rk↵k,c

1 � ↵k,c
� ✓ck,i, ✓ck,i = log

rk↵k
1 � ↵k

� ✓k,i for k = 1, . . . ,K (3)

where

rk =
WMI(�rem ” ¬`k,i

” ¬`ck,i,Wrem)
WMI(�rem ”

`k,i
”
`ck,i,Wrem) , ↵k = Pr�rel (`i,k), ↵k,c = Pr�rel(`ci,k), for k = 1, . . . ,K .

(4)

Theorem 4.3 suggests an iterative optimization scheme to find the fixed point solutions for all
the compensating parameters introduced to compensate multiple relaxed equivalence constraints.
Specifically, starting from a random initialization of the parameters of the compensating weights,3 at
each iteration t + 1, we can update each parameter ✓c,(t+1)

k,i as

✓c,(t+1)
k,i  log(rk↵k,⇡(c)) � log(1 � ↵k,⇡(c)) �

’
c0,c
✓c
0,(t)

k,i , (5)

where ⇡ is a permutation over the copies and each ↵k,⇡(c) is computed as the probability of `⇡(c)k,i
according to the relaxed model.
Therefore, at each iteration t, we need to solve 2K integration problems for computing the rk terms
and Ci · K integrations for Pr�rel(`⇡(c)k,i ) for each pair of variable and its copies. While in principle
we could use any exact WMI solver to solve these problems, we adopt MP-WMI [42] because it is
the fastest solver yet for tree-shaped and bounded diameter problems, and even more importantly, it
allows to amortize inference across queries. That is, we can compute all the Ci · K literal probabilities
in a single message-passing step with it.

From this perspective, R�C�I� generates a sequence of induced distributions Pr(1)
�rel, . . . ,Pr(2)

�rel,Pr(t)
�rel ,

that should converge to a fixed-point distribution. In practice to check for convergence, one can
monitor the quality of the literal probability approximations and stop when a threshold ✏ is met before

3Following Choi and Darwiche [16], we initialize all parameters to 1.
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